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Abstract
We investigate several aspects of exact black hole solutions in asymptotically Lif-
shitz spacetime, which were proposed in 0812.0530. Firstly, we calculate the tidal
forces and find that in the near horizon region of such black hole backgrounds, the
tidal forces diverge in the near extremal limit. Secondly, we evaluate the Wilson
loops in both extremal and finite temperature cases. Finally, we obtain the cor-
responding shear viscosity and square of the sound speed and find that the ratio
of shear viscosity to entropy density takes the universal value 1/4pi in arbitrary
dimensions while the square of the speed of sound saturates the conjectured bound
1/3 in five dimensions.
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1 Introduction
By now, the AdS/CFT correspondence [1, 2, 3] is the unique approach which relates
strongly coupled field theories to weakly coupled gravity theory. It has been extensively
investigated in the past decade and its validity has been widely recognized in the the-
oretical high-energy physics community. Recently there has been enormous progress on
the application of AdS/CFT correspondence, or even the more general gauge/gravity cor-
respondence to physical systems in the real world, such as AdS/QCD and holographic
methods for condensed matter physics. Two nice reviews are given by [4, 5].
It is well known that certain questions which are difficult to deal with in the field theory
side, become more transparent and more tractable in the gravity side via the AdS/CFT
correspondence. In condensed matter physics there are many strongly coupled systems,
so it is widely hoped that the AdS/CFT correspondence can provide some useful tools for
studying condensed matter physics. Recently interesting gravity models dual to various
condensed matter systems have been proposed [6]-[11].
Special attention has been paid to gravity duals of Lifshitz-like fixed points, which is
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initially proposed in [12]. One can find critical phenomena with unconventional scaling
behavior in many condensed matter systems
t → λzt, x → λx, (1.1)
where z 6= 1. A toy model realizing this scaling behavior with z = 2 is the so-called
Lifshitz field theory,
L =
∫
d2xdt((∂tφ)
2 − κ(∇2φ)2). (1.2)
The corresponding gravity dual takes the following form [12]
ds2 = L2(−r2zdt2 + dr
2
r2
+ r2dx2), (1.3)
where dx2 = dx21 + · · ·dx2d. This metric exhibits the following scale invariance
t → λzt, r → r
λ
, x → λx. (1.4)
Note that when z = 1, it turns out to be the usual AdSd+2 spacetime. In four-dimensional
spacetime, the corresponding action is a gravity theory with negative cosmological con-
stant, coupled with abelian gauge fields A(1), B(2)
S =
∫
d4x
√−g(R− 2Λ)− 1
2
∫
(∗F(2) ∧ F(2) + ∗H(3) ∧H(3))− c
∫
B(2) ∧ F(2), (1.5)
where F(2) = dA(1), H(3) = dB(2) and the cosmological constant Λ = −5/L2.
There are also several generalizations along a similar way. Various anisotropic gravity
solutions in general spacetime dimensions with different scaling behavior were discussed
in [13]. The aspects of holography in general anisotropic, non-relativistic backgrounds
were investigated extensively in [14]. The geometry of Lifshitz spacetime was studied
in [15]. Furthermore, the embedding of such anisotropic gravity background with some-
what different scaling behavior into string theory was realized quite recently in [16], where
the corresponding black brane configurations were also obtained.
However, although we can study the zero-temperature Lifshitz spacetime, it is difficult to
obtain exact black hole solutions in the context of the original action (1.5). The black hole
in asymptotically Lifshitz spacetime was constructed in [17] using numerical methods,
while Lifshitz topological black holes were obtained in [18]. It should be pointed out
that an exact solution of topological Lifshitz black holes was obtained in [18] for certain
particular case.
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When discussing the aspects of holography in more general anisotropic, non-relativistic
backgrounds in [14], an exact solution with finite temperature was obtained by making use
of a different action. It can be seen that by performing some coordinate transformation,
the black hole solution is asymptotically Lifshitz-like. In this note we discuss several
aspects of this exact solution. In section 2 we rewrite the black hole solution in a more
transparent way. Then in section 3 we calculate the tidal forces and it turns out that such
tidal forces become divergent in the near horizon region, while the horizon area remains
large. In this sense, this type of Lifshitz black hole is “naked” [19]. In the next section
we evaluate the Wilson loops in this asymptotically Lifshitz black hole background, the
results agree with previous examples in the extremal limit and the finite temperature
cases are calculated numerically. We discuss the hydrodynamic properties in section 5.
It can be shown that the ratio of shear viscosity to entropy density is 1/4π in arbitrary
dimensions and the square of the speed of sound is 1/3 in five dimensional spacetime,
both of which saturate the well-known bounds. A summary and discussion on further
directions are given in the final section.
2 The black hole solution
In this section we review the asymptotic Lifshitz solutions proposed in [14], including
the extremal solution and black hole solution. We will rewrite the solutions in a more
transparent way.
Consider the following action in (d+ 2)-dimensional spacetime
S =
1
16πGd+2
∫
dd+2x
√−g[R− 2Λ− 1
2
∂µφ∂
µφ− 1
4
eλφFµνF
µν ], (2.1)
where Λ is the cosmological constant and the matter fields are a massless scalar and an
abelian gauge field. The equations of motion can be written as follows:
∂µ(
√−geλφF µν) = 0, (2.2)
∂µ(
√−g∂µφ)− λ
4
√−geλφFµνF µν = 0, (2.3)
Rµν =
2
d
Λgµν +
1
2
∂µφ∂νφ+
1
2
eλφFµρFν
ρ − 1
4d
gµνe
λφFµνF
µν . (2.4)
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We make the following ansatz for the metric
ds2 = L2[−r2zf(r)dt2 + dr
2
r2f(r)
+ r2
d∑
i=1
dx2i ], (2.5)
where z ≥ 1 and the only non-vanishing component of the field strength is Frt.
We can obtain the following expression for Frt by solving (2.2)
Frt = qe
−λφrz−d−1, (2.6)
where q is a constant which can be related to the charge of the black hole. Furthermore,
solving the tt and rr components of (2.4)we can arrive at
∂rφ∂rφ =
2(z − 1)d
r2
. (2.7)
When z = 1, it can be easily seen that the solution is φ = φ0 = const. The full solution
can be obtained by solving the remaining equations of motion
ds2 = L2[−r2dt2 + dr
2
r2
+ r2
d∑
i=1
dx2i ],
φ = const, Frt = 0, Λ = −d(d+ 1)
2L2
. (2.8)
It is simply the AdS solution in Poincare´ coordinates. It also admits black hole solution
with f(r) = 1− rd+1+ /rd+1 and other fields remaining the same as the AdS solution.
When z 6= 1, from (2.7) we can obtain
φ = ±
√
2(z − 1)d log r, (2.9)
where we have taken the integration constant to be zero without loss of generality. Simi-
larly, we can summarize the extremal solution as follows
ds2 = L2(−r2zdt2 + dr
2
r2
+ r2
d∑
i=1
dx2i ),
Frt = qe
−λφrz−d−1, eλφ = rλ
√
2(z−1)d,
λ2 =
2d
z − 1 , q
2 = 2L2(z − 1)(z + d),
Λ = −(z + d− 1)(z + d)
2L2
. (2.10)
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It is just the Lifshitz spacetime with non-trivial dilaton and gauge fields. It should be
pointed out that the finite temperature generalization
ds2 = L2(−r2zf(r)dt2 + dr
2
r2f(r)
+ r2
d∑
i=1
dx2i ), f(r) = 1−
rz+d+
rz+d
, (2.11)
is also a solution to the equations of motion with the same field configuration. Thus the
finite temperature solution is an asymptotically Lifshitz black hole.
Now let us focus on the asymptotically Lifshitz black hole solution. The temperature is
TH =
(z + d)rz+
4π
, (2.12)
and the black hole entropy is
SBH =
Vd
4Gd+2
Ldrd+, (2.13)
where Vd denotes the volume of the d dimensional spatial coordinates. One can rewrite
the entropy as a function of temperature
SBH =
VdL
d
4Gd+2
(
4π
z + d
)
d
zT
d
z , (2.14)
which exhibits the expected behavior of an anisotropic scale invariant theory.
The thermodynamic quantities can be obtained via the Euclidean path integral method,
which were calculated explicitly in [14]. Here we shall not dwell on the details but only
list some useful results. Consider the following Euclidean action
IE = − 1
16πGd+2
∫
dd+2x
√−g[R−2Λ− 1
2
∂µφ∂
µφ− 1
4
eλφFµνF
µν ]− 1
8πGd+2
∫
dd+1x
√
hK,
(2.15)
where the second term is the Gibbons-Hawking boundary term. After substituting the
background configuration, the Euclidean action turns out to be
IE = −r
z+d
+ L
dVdβH
16πGd+2
, (2.16)
where βH = 1/TH . We can calculate the other thermodynamic quantities in a standard
way as soon as we obtain the Euclidean action. For example, the mass of the black hole
is
M =
rz+d+ dL
dVd
16πGd+2
, (2.17)
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and the charge of the black hole is given by
Q =
1
32πGd+2
∫
eλφ(∗F ) = qL
dVd
32πGd+2
. (2.18)
From (2.16) we can see that there is no interesting phase structure for this asymptotically
Lifshitz black hole, as the Euclidean action is always negative. This can also be seen from
the heat capacity
C =
dM
dT
=
∂M/∂r+
∂T/∂r+
. (2.19)
Using (2.12) and (2.17), we can obtain
C =
dVdr
d
+
4zGd+2
, (2.20)
which shows that the black hole is always thermodynamically stable.
3 Tidal forces
In this section we will calculate the tidal forces of the Lifshitz black hole, following [19].
It has been shown that there exist a class of black holes whose horizon area is large and
all curvature invariants are small near the horizon, while any object falling in experiences
large tidal forces outside the horizon. As the region of large tidal forces is visible to distant
observers, such black holes are called “naked”.
Recall the metric
ds2 = L2(−r2zf(r)dt2 + dr
2
r2f(r)
+ r2
d∑
i=1
dx2i ), f(r) = 1−
rz+d+
rz+d
, (3.1)
and the vielbein in the static frame is given as
(e0)µ = −Lrzf(r)1/2∂µt, (e1)µ = Lr−1f(r)−1/2∂µr, (ei)µ = Lr∂µxi. (3.2)
Consider timelike geodesics in the above background, with proper time τ and tangent
vector uµ = dxµ/dτ . The constants of motion can be written as follows
E = L2r2zf(r)t˙, pi = L
2r2x˙i, (3.3)
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where an overdot denotes d/dτ . For simplicity, we just consider radial geodesics, i.e.
pi = 0. We can arrive at the following expression due to the normalization condition
uµuµ = −1
r˙2 =
E2
L4r2z−2
− r
2
L2
f(r). (3.4)
The parallel-propagated orthonormal frame (e0′)µ = uµ can be obtained by a boost of the
original static frame
(e0′)µ = uµ = −E∂µt + r˙L
2
r2f(r)
∂µr
≡ coshα(e0)µ + sinhα(e1)µ
(e1′)µ = sinhα(e0)µ + coshα(e1)µ, (3.5)
where coshα = E[L2r2zf(r)]−1/2 and the other components remain invariant. It can be
seen that the boost parameter α diverges at the horizon.
The components of the Riemann curvature in the boosted frame can be calculated by
working out the components in the static frame first and then performing some transfor-
mations. However, there is another simple route to calculate such quantities which has
a more direct physical meaning [19]. We will calculate R0′k0′k which correspond to tidal
forces in the transverse directions. Consider a class of radial infalling geodesics whose
tangent vector is uµ and the deviation vectors are ηi = ∂/∂xi, we have
uν∇νησ = uνΓσνρηρ =
H˙
H
ησ, (3.6)
where H = Lr. Thus the geodesic deviation equation gives
Rµνρ
σuµηνuρ = −uµ∇µ(uν∇νησ) = −H¨
H
ησ. (3.7)
Therefore
R0′i0′i = Rµνρ
σuµ(ei)
νuρ(ei)σ = −H¨
H
=
(z − 1)E2
L4r2z
+
1
L2
[1 +
(z + d− 2)rz+d+
2rz+d
]. (3.8)
The enhancement of the curvature in the geodesic frame leads to the term proportional
to E2 in the above expression. It can be seen that if we take the conserved quantity E
to be very large, the tidal force can be made arbitrarily large. Conversely, we can also
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make the tidal force very small. Thus in order to avoid such ambiguities, we assume
that the conserved quantity E is chosen to be order one. It is sufficient to keep the term
proportional to E2 only, as such term represents the difference between the static frame
and the boosted frame. Then the tidal force in the near horizon region is given by
R0′i0′i =
(z − 1)E2
L4r2z+
. (3.9)
It can be easily seen that the tidal force vanishes in z = 1 case then we will consider two
different near-extremal limits with the assumption z > 1 in the following.
• r+ << 1 with fixed mass.
Recalling (2.17), we can arrive at the following equation
Mfixed → L ∼ r−(z+d)/d. (3.10)
Then the tidal force becomes
R0′i0′i = (z − 1)E2r4+4z/d−2z+ . (3.11)
The horizon area satisfies
A ∝ Ldrd+ ∼ r−z+ . (3.12)
So r+ << 1 makes the horizon area large. However, when d = 2, the tidal force is
(z − 1)E2r4+, that is, the tidal force also turns out to be very small. In this limit
the black holes are not “naked”. When d > 2, the requirement that the tidal force
is large gives
4 + 4
z
d
− 2z < 0 → z > 4d
2d− 4 = 2 +
8
2d− 4 . (3.13)
It can be seen that the z = 2 case can never lead to “naked” black holes.
• r+ << 1 without fixing the mass.
Here the requirement that the horizon area is large gives
A ∝ Ldrd+ >> 1 → Lr+ >> 1. (3.14)
The tidal force turns out to be
R0′i0′i ∝ 1
(Lr+)4r
2z−4
+
. (3.15)
Thus it is possible to have “naked” black holes only in the z > 2 cases.
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4 Wilson loops
In this section we study Wilson loops for asymptotically Lifshitz black holes. The Wilson
loops describe the behavior of quarks by hanging strings from the boundary where the
quarks locate at the ends of the strings. Although it is quite difficult to embed Lifshitz
spacetime into string theory, the calculations presented here can provide some qualitative
information. Consider rectangular Wilson loops in Euclidean spacetime, the dynamics is
described by the Nambu-Goto action
S = −
∫
dσ
√
dethab, hab = gµν∂aX
µ(τ, σ)∂bX
ν(τ, σ), (4.1)
where Xµ(τ, σ) denote the string coordinates and τ, σ parametrize the string worldsheet.
In the following we will focus on five-dimensional asymptotic Lifshitz black holes, whose
metric is
ds2 = L2[−r2zf(r)dt2 + dr
2
r2f(r)
+ r2(dx21 + dx
2
2 + dx
2
3)].f(r) = 1−
rz+3+
rz+3
. (4.2)
Then we can obtain the equations of motion
(
r2z+2f(r)x′√
r2z−2r′2 + r2z+2f(r)x′2
)′ = 0,
(
r2z−2r′√
r2z−2r′2 + r2z+2f(r)x′2
)′ =
1
2
(2z − 2)r2z−3r′2 + ∂r(r2z+2f(r))x′2√
r2z−2r′2 + r2z+2f(r)x′2
, (4.3)
where the prime stands for derivative with respect to σ.
One possible static configuration is a pair of straight macroscopic strings which are
stretched between r =∞ and r = r+. The corresponding total energy is
E0 = 2L
2
∫ ∞
r+
rz−1dr. (4.4)
The other possible configuration is a macroscopic U-shape string whose each end is con-
nected to the quark and anti-quark at the boundary. In the static gauge σ = x, the
equations of motion turn out to be
(
r2z+2f(r)√
r2z−2r′2 + r2z+2f(r)
)′ = 0,
(
r2z−2r′√
r2z−2r′2 + r2z+2f(r)
)′ =
1
2
(2z − 2)r2z−3r′2 + ∂r(r2z+2f(r))√
r2z−2r′2 + r2z+2f(r)
. (4.5)
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We can arrive at the following result by extremizing the action
f(r)r2z+2√
r2z−2r′2 + f(r)r2z+2
= const = f
1/2
minr
z+1
min , (4.6)
where rmin is r coordinate of the string tip which is the closest to the horizon and fmin ≡
f(r)|r=rmin. Note that ∂r/∂x = 0 at r = rmin. From the above expression we can rewrite
x as a function of r
x =
∫ r
rmin
dr
1
r2f(r)1/2
√
( r
rmin
)2z+2( f
fmin
)− 1
. (4.7)
Thus the boundary distance between the endpoints of the string is given by
ℓ = 2
∫ ∞
rmin
dr
1
r2f(r)1/2
√
( r
rmin
)2z+2( f
fmin
)− 1
. (4.8)
The total energy of the U-shape string with inter-quark separation ℓ is
E = L2
∫ ℓ
2
− ℓ
2
dx
√
r2z−2r′2 + r2z+2f(r)
= 2L2
∫
dr
r4f(r)1/2√
r6f(r)− r6minfmin
. (4.9)
Finally, the heavy quark potential is given by
V = E − E0, (4.10)
where we have subtracted the contribution of two straight strings.
In the extremal background, i.e. r+ = 0, it can be seen that these results agree with those
given in [17] and these expressions reduce to those of [20] and [21] when z = 1. In the finite
temperature case [22], the integration can be worked out analytically by making use of
the elliptic integral. Unfortunately, here we cannot obtain analytical results thus we have
to evaluate the integrals numerically. For simplicity we just consider the five-dimensional
case with z = 2, that is, f = 1− r5+/r5. The expressions for the boundary distance ℓ and
the potential energy can be rewritten as follows
ℓ =
2
r+
√
a6 − a
∫ ∞
a
√
y√
(y5 − 1)[(y6 − a6)− (y − a)]dy, (4.11)
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Figure 4.1: The boundary distance between the endpoints of a string ℓ as a function of
a, with r+ = 1.
and
V = 2r2+L
2[
∫ ∞
a
dy(
y3/2
√
y5 − 1√
(y6 − a6)− (y − a) − y)−
1
2
(a2 − 1)], (4.12)
where we have introduced y ≡ r/r+ and a ≡ rmin/r+. Note that the parameter a should
be larger than 1, that is, the string always stays outside the horizon.
The boundary distance between the endpoints of a string ℓ as a function of a is shown
in Fig. 4.1, while the potential energy as a function of the boundary distance ℓ is shown
in Fig. 4.2. Compared to the results in [22], it can be seen that these functions exhibit
similar behavior. The boundary distance between the endpoints of a string has a maximum
value ℓmax. For a fixed ℓ < ℓmax, there are two possible U-shape string configurations at
two different values of a. The energy of the U-shape string is plotted in Fig. 4.2. The
configuration with smaller a has a nearly zero potential energy and the configuration with
larger a has lower energy. The potential crosses zero at ℓ = ℓ∗. The pair of straight strings
has lower energy than the U-shape string configuration once ℓ > ℓ∗.
5 Hydrodynamics
In this section we discuss the hydrodynamic properties of such asymptotically Lifshitz
black holes, including the shear viscosity and the speed of sound. We will see that the
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Figure 4.2: The potential energy as a function of the boundary distance ℓ, with r+ = 1.
ratio of shear viscosity to entropy density is 1/4π in arbitrary dimensions, which saturates
the well known KSS bound [24], while the square of the speed of sound is 1/d. It should
be pointed out that in five-dimensional case, the square of the speed of sound is 1/3,
which also saturates the bound proposed very recently [25], [26].
Firstly let us focus on the shear viscosity η. We will apply the Kubo formula
η = − lim
ω→0
1
ω
ImGR(ω,~k = 0), (5.1)
where GR is the retarded two-point function of the scalar mode of the stress tensor
GR(ω,~k = 0) = −i
∫
ddxdteiωtθ(t) < [Txy(t, ~x), Txy(0, 0)] > . (5.2)
Following the prescription proposed in [27], the linearized Einstein equation for φ ≡
hxy(r)e
−iωt is the scalar wave function in the same background, due to the SO(2) symmetry
of rotations in the xy−plane.
Recalling the black hole solution (2.11), we make coordinate transformation u2 = rz+d+ /r
z+d
for convenience. Then the black hole metric turns out to be
ds2 = L2[−(r
z+d
+
u2
)
2z
z+df(u)dt2 +
4
(z + d)2u2f(u)
du2 + (
rz+d+
u2
)
2
z+d
d∑
i=1
dx2i ], f(u) = 1− u2.
(5.3)
Assuming Φ(ω, u) = φ(u)e−iωt, the scalar wave equation
✷Φ =
1√−g∂µ(
√−gguu∂uφ) + gtt∂t∂tφ (5.4)
12
gives
u3f(u)∂u(
f(u)
u
∂uφ) + u
4z
z+dβ2ω2φ = 0, (5.5)
where β−1 ≡ 1
2
rz+(z + d). Following the standard procedure, we set φk = (1 − u)α and
require that the most singular terms at u = 1 cancel as well as the incoming wave boundary
condition. These requirements finally fix
α = − i
2
βω. (5.6)
Next, we choose φk(u) = (1−u)− i2βω(1+ i2βωF1(u)), then substitute this expression back
to the scalar wave function (5.5). Note that in order to calculate the shear viscosity, we
just need the perturbation up to the first order of ω. Furthermore, F1(u) should be zero
at u = 1. It can be easily obtained that
φk(u) = (1− u)− i2βω(1− i
2
βω ln
1 + u
2
). (5.7)
Finally combining the flux factor
F = K√−gguuφ−k(u)∂uφk(u), (5.8)
where K = − 1
32piGd+2
is the coupling constant and the retarded green function
GR(ω,~k = 0) = −2F|u→0, (5.9)
as proposed in [28], we can obtain
η =
Ldrd+
16πGd+2
. (5.10)
Therefore we can arrive at the famous KSS bound
η
s
=
1
4π
. (5.11)
For the speed of sound, we first note that the thermodynamic quantities of the black hole
should be identified with the quantities in the field theory side as
{IE ,M, SBH , TH} ↔ {Ω/T, E, S, T} (5.12)
where Ω denotes the thermodynamic potential. Recall the results given in Section 2,
IE = −r
z+d
+ L
dVdβH
16πGd+2
, TH =
(z + d)rz+
4π
, M =
rz+d+ dL
dVd
16πGd+2
. (5.13)
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Then by using the fact that the thermodynamic potential Ω is
Ω = −PVd, (5.14)
where P denotes the pressure, we can obtain
P =
1
d
E
Vd
=
1
d
ǫ, (5.15)
where ǫ is the energy density. Thus the speed of sound is given by
c2s =
∂P
∂ǫ
=
1
d
. (5.16)
Note that in five dimensional spacetime, i.e. d = 3, we have c2s = 1/3, which saturates
the bound conjectured in [25], [26].
6 Summary and Discussion
There has been enormous progress on applying the AdS/CFT correspondence, or the
more general gauge/gravity correspondence to systems in condensed matter physics. In
this note we discuss several aspects of the exact black hole solutions in asymptotically
Lifshitz spacetime. We firstly rewrite the solution proposed in [14] in a more convenient
way. Then we show that the tidal forces in the near horizon region tend to be infinity in
the near-extremal limit, in which sense the black hole is “naked”. We also evaluate the
Wilson loops both analytically and numerically in the extremal and finite temperature
cases. Finally, we investigate the hydrodynamic properties of the black holes and find
that the shear viscosity and the speed of sound both saturate the conjectured bounds.
There are several directions which worth further studying. Firstly, the embedding of
the original Lifshitz background (1.1)into string theory is still unknown. However, some
Lifshitz backgrounds with different scaling behavior have been realized in string theory
in [16], where the configurations were comprised by D3-D7 and D4-D6 branes. It may be
expected that we can embed (1.1) into string theory by superposing more different types
of D-branes.
Secondly, it has been observed in [29] that the Lifshitz fixed point has ultralocal correlators
at finite temperature. Thus it would be interesting to calculation the correlation functions
in the black hole background, following the prescription in [28], and compare the results
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with those obtained in the field theory side. Furthermore, it is necessary to build up
a systematic holographic renormalization method [30] in such asymptotically Lifshitz
background.
Finally, an interesting model of quantum gravity was proposed by Horava quite re-
cently [31]. In 3 + 1 dimensions, this theory has a z = 3 fixed point in the UV and flows
to a z = 1 fixed point in the IR, which is just the classical Einstein-Hilbert gravity theory.
Furthermore, it has been found that there exist black hole solutions in Horava-Lifshitz
gravity [32]. Thus it is interesting to study the relations between the asymototically
Lifshitz black hole and black holes in Horava-Lifshitz gravity.
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